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General Relativity resemble a very elegant crystal glass: if we touch on its principles, that is, in its Lagrangian,
there is the risk to broke everything. Or if we desire, like a short blanket: curing some problems, creates new
problems. This letter is devoted to bring to light the reasons of why we pursuit deviations from General Relativity
by modifying it. In the first part, we specified the playground that is suitable to write the existing arbitrariness in
the choice of the generalised gravity Lagrangian. In the second part, a new proposal is made: a non-Lagrangian
theory of gravity under the hypothesis of an extension of the original General Relativity with an ansatz inspired
in the fundamental principles of Classical and Quantum Physics.
PACS numbers: 04.50.Kd, 98.80.-k, 04.60.-m
Introduction.- What does it mean to modify General Rela-
tivity (GR)? To give an answer to this question, it is necessary
to start with the backbone of GR: the general covariant least
principle action. It is believed that all physical theories should
be completely specified by an associated action, Traditionally,
the action S is an integral of some specific function of the
fields taken over the four-dimensional spacetime and can be
constructed with the Ricci scalar R and a function of the mat-
ter fields φ, Lm(φ, gµν), which leads to the Einstein-Hilbert
action. Its resulting variation gives the equations of motion for
the fields. This simple idea can be articulated in Lovelock’s
theorem, which states: “GR equations are the only gravita-
tional field equations constructed solely from the metric, are
local, are not more than second order in derivatives1 and are
derived from a Lagrangian”.
On modified gravity .- We can explore the following def-
inition: “A modified GR is whatever proposal that add some-
thing new to Einstein-Hilbert action”. A definition by intu-
ition, but action-based nothing less. The problems with singu-
larities –either in cosmology and in black hole physics2– point
out that GR is an incomplete theory, which makes our tempta-
tions to modify it great. These kind of modifications are clas-
sified into those breaking fundamental assumptions or con-
taining additional fields and massive graviton(s). Either way,
instead of adding exotic matter, we can modify the geometric
part of S, including additional degrees of freedom (even mas-
sive gravity has three degrees of freedom) or higher powers of
R. Other modifications involve adding scalar, vector and ten-
sor fields, higher dimensions, higher derivatives, minimally
(or non-minimally) coupled scalar fields and finally, theories
in which the Lorentz invariance is violated.
Historically, one of the first modifications of GR was the
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1 Most higher-derivative theories are unstable according to Ostrogradsky’s
theorem.
2 We can add to these problems the tensions in the Standard Cosmological
Model (ΛCDM), like those of σ8 and H0.
Brans-Dicke (BD) theory, which incorporate a possible vari-
ation of the cosmological coupling G in a covariant way and
tried to implement the machian principle. Unfortunately, BD
quickly faces two problems: observational constraints makes
the theory almost indistinguishable from GR and has revealed
be less machian than the latter. More complex couplings of
scalar field φ and its derivative can be implemented (Figure
1), keeping some special features as second order differen-
tial equations. In this case, Horndeski type theories (HT) are
very appealing since encompasses 4D Lorentz invariant ac-
tions whose metric and field variation leads to second order
equations of motion. Nevertheless, an enormous care must be
taken with their tests using GW’s. Within this sector there is a
curvature-based gravitational formulation namely f(R) theo-
ries, which modify the action of GR with an arbitrary function
of R that recovers the original GR at high-curvature regions
and can solve the problems at cosmological scales, but at the
price to be in disagreement with PPN tests. We refer to these
examples (Figure 2) as a window to show how straightfor-
ward is to modify GR with important consequences, e.g the
GW speed for HT can –or not– change depending on Galileon
couplings. This result leads to a modified luminosity distance
of GWs in comparison to GR and placing tight constraints on
surviving dark energy models [1]. Anyhow, a variety of pro-
posals will probably never reach at end, but modifications of
GWs seem to imply the presence of a substancial gravitational
slip –predicted to be very small in GR– which can be used to
rule out gravity theories.
Among the several problems that modified theories can
solve via its Lagrangian, it is interesting to remember that A.
Einstein did not employ a variational principle to derive GR,
alike Maxwell’s electrodynamics theory, both of them carried
already the germ of symmetry. In the light of this fact, there
is a reason to ask: if there are viable theories with identically
conserved field equations that are not derivable from a vari-
ational principle? At this level, symmetry must be contained
into a Lagrangian to cope with the quantum aspects of Nature.
A successful option beyond GR can be to ignore –with the
freedom to be able to formulate in a more complete way– the
Lagrangian formalism and to implement the variations of G
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2FIG. 1: A modified gravity architecture. Theories are classified in order to avoid Lovelocks restrictions. The main gravitational wave (GW)
test of each theory is framed. This figure was designed based on the ideas and discussions behind the construction of theoretically-sensible
modified gravity theories.[3–5]. Classification of parameterised post-Newtonian (PPN) tests were based in approximations to obtain the PPN
parameters at 1, 2, 4 PN level [6]. Also a PPN extension for a 5-dimensional metric was included[7].
and Λ directly in the field equations. In this line of thought,
these quantities are functions of the ambient3. At the same
time, we are given a step further in trying to implement the
machian principle, in the sense that the interaction terms de-
pends on the curvature and density, quantities that are anyway
connected through the gravitational equations. In this concep-
tion, the PPN parameters are essentially preserved because the
new terms contribute at second order, and the speed of GW’s
remain the same as the speed of light.
However, all of them carry out several problems, that,
broadly speaking, result in ghost (states of negative kinetic
energy) and other kinds of instabilities (or not well posed
Cauchy problem). At background level, the modifications of
gravity are encoded in the equation of state of dark energy
(which should be close to −1 to generate the current cosmic
acceleration). In a linear perturbation level, the effective grav-
itational constant (or the clustering of dark energy) and the
anisotropic stress (or gravitational slip), encompass the devia-
tions from the standard Poisson equation, and thus a possible
scenario to test their modifications[2].
A non-Lagrangian Theory of Gravity4.- We require that
in vacuum the field equations can be reduced to the standard
ones, but in presence of matter terms we can observe notable
departures. These departures will be evidence that standard
4 Some e.g in the literature are Rastall’s gravitational theory and f(R, T )
theories[8].
3FIG. 2: Equations for [Right:] GR theory, [Left:] Horndeski theory (HT) and f(R) modified gravity theory. [Top:] Actions assuming a
minimal and universal coupling to matter. [Middle:] Poisson equations. [Bottom:] Tensor perturbation (a.k.a. GWs) equations. Here we
consider κ2 ≡ 8piG. The subindex indicate the name of the theory in consideration. The equations related to HT contains a sum over four
Lagrangians Li(K,GA), where the GalileonsGA andK are functions of φ andX ≡ −∇νφ∇νφ/2. And ct is a function that depends ofGA,
derivatives of φ and qt. Geff characterizes the effective gravitational coupling which is valid for csk/a  H in a quasi-static approximation.
The equations for f(R) theory are at O(2)-order, i.e at Newtonian level.
conservation laws not always hold in a final theory of Nature,
mathematically speaking: ∇νTµν 6= 0. Our proposal has clear
connections with the running of fundamental constants due to
quantum effects, but implemented in a covariant way, like a
natural attempt to incorporate these effects that are inevitably
important in strong field scenarios. Therefore, we set a natural
generalisation by considering two scenarios in a flat FLRW
filled by a perfect fluid with density ρ as the matter source:
Varying G as κ(R, T )

Field equations: Rµν − 12Rgµν − Λgµν = κ(R, T )Tµν ,
Friedmann equation: H2κ(R,T ) =
1
3 (κ(R, T )ρ(t) + Λ) ,
Poisson equation: ∇νTµν = −∇
νκ(R,T )
κ(R,T ) Tµν .
(1)
Varying Λ as Λ(R, T )

Field equations: Rµν − 12Rgµν − Λ(R, T )gµν = κTµν ,
Friedmann equation: H2Λ(T ) =
1
3 (κρ(t) + Λ(R, T )) ,
Poisson equation: ∇νTµν = − 1κ∇νΛ(R, T )Tµν .
(2)
Unavoidable, in both scenarios we are restricted to con-
sider specific forms for κ(R, T ) and Λ(R, T ). Certainty, an
insight to the inverse scattering procedure should provide re-
strictions on them. In these scenarios we obtain similar cos-
mological dynamics derive from Ricci-Gauss-Bonnet holo-
graphic dark energy models [10]. Another lesson is that if
we consider a form of κ(R, T ) = 8piG + αR − λT in (1),
in a universe dominated by radiation (p = ρ/3), the traceless
4of Tµν indicates that the modified field equations reduce to
GR with a Λ. Otherwise, the new terms contribute a cosmic
acceleration at high density. In our second scenario, when
Λ(R, T ) = Λ + αR−1 + λT , favour a cosmic acceleration
when the second terms dominates the evolution and if Λ is
solely a function of T , results in a Λ(T ) gravity similar to a
Palatini f(R) gravity universe filled with dust.
Final thoughts.- We know that GR will not be the full an-
swer to everything, as there are questions we can ask that it
is incapable to address. Therefore, some argue, it is reason-
able to explore what some different ways are to modify GR,
to work out the consequences, and to look for deviations. At
some extent, scientists have been doing this for over a century.
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